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I. INTRODUCTION 
Let (wn}za denote the Walsh functions, a complete orthonormal set on 
[0, l[. A subset C of [0, 1 [ is called a Walsh set of uniqueness, or Walsh U-set, 
if whenever a Walsh series cz+, c,w, converges to zero outside of C, then 
each c, is zero. Otherwise, C is said to be a Walsh set of multiplicity, or Walsh 
M-set. 
In the case of sets of uniqueness and multiplicity defined for trigonometric 
series, it is known that every set of positive measure in [0, 27r[ is an M-set 
and that every countable set is a U-set. Analogous results obtain in working 
with Walsh series; thus the study of Walsh U-sets and M-sets reduces, as in 
the classical case, to an investigation of uncountable sets of measure zero. 
That all such sets are not sets of uniqueness for trigonometric series was 
demonstrated in 1916 by Men’shov. 
In this paper, we shall construct a certain class of M-sets for Walsh series 
which have measure zero. It is also shown that these sets are dense in the 
relative topology of [0, l[. (F or other results concerning the uniqueness 
problem, see Bary [l, Vol. 21 and Sneider [6].) 
2. BACKGROUND 
In a succinct and elegant construction, Riesz and Sz.-Nagy [5], pp. 48-49, 
exhibit a function F(x) in the unit interval which is continuous and strictly 
increasing, has a derivative equal to zero almost everywhere, but nevertheless 
is not constant on any segment. Particularly, if we start with an arbitrary 
0 < t < I, then F’(x), when it exists, is equal to the infinite product 
nf, (1 + ckt), where Ed is 1 or - 1. 
Hewitt and Stromberg [3], (18.8), h ave generalized this example in the 
following manner. Let {tn}~zl be any sequence of numbers in IO, 1[ not having 
limit zero. Then the derivative of F(x), when it exists, is now given by the 
infinite product nL=r (1 + (- l)“b tk), where x = Cz==, x,/2” and x, is 0 or 1. 
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3. WALSH M-SETS 
We first note that if x has the dyadic expansion given above, then the 
(k - 1)st Rademacher function rk-r , evaluated at X, has the value (- 1)~. 
Further, if we write a positive integer n as 2’~ + 2~ + 1.. + 2”v, with 
n1 > n2 > ... > n, >, 0, then the n-th Walsh function is given by 
w, = r, * rnz * *** * r, (following Paley’s modification). Thus for a point x 
whose d;adic expansron is Czzl x,/2”, we may write 
where (i) c,, = 1, and 
(ii) c, = fi tnj+l for n = 2”r + 2”” + . . . $ 2%. 
j=l 
We shall refer to the series XL, cnw,(x) as the Walsh series associated with 
the sequence of numbers {tk}& . 
We now state and prove the principal result. 
THEOREM. Let {tk)zzl be an arbitrary sequence of real numbers in IO, l[ 
not having limit zero, and denote by F(x) the corresponding continuous, strictly 
increasing function described in Section 2. Set 
Then A is a set of multiplicity for Walsh series, of measure 0. 
Proof. Let Cl,, c,w, be the Walsh series associated with {tk}. By the 
foregoing discussion and the material of Section 2, this series converges to 
zero at precisely those points for whichF’(x) exists and is equal to zero, that 
is, on the complement of A. The series cannot be identically zero, however, 
since not every c, is zero (no c, is zero, in fact). Thus, by definition, A is a 
Walsh M-set. That A has measure zero follows at once from the fact that 
F’(x) = 0 almost everywhere in [0, l[. 1 
Using this theorem and another known result for Walsh series, we make 
the following observation. 
COROLLARY. Let F(x) be as above. Then the set A of points where F’(x) 
does not exist or, if it exists, does not equal zero, is uncountable. 
Proof. If this set were countable, it would be a U-set for Walsh series, 
according to Fine [2], p. 412. This contradicts the conclusion of the theo- 
rem. I 
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We show finally that the sets A of the theorem are dense in [0, l[. The 
following lemma is required. 
LEMMA. Let Q denote the set of dyadic rationals in [0, l[. Then Q is disjoint 
from the set of points where F’(x) is zero. 
Proof. If x EQ, then there exists a positive integer N such that xK = 0 
for all k > N. Thus we may write 
F’(x) = f (1 + (- 1)“” tk) = P * fi (1 + tJJ, 
k=l k=N 
P # 0. Since 1 + t, > 1 for every k > N, this latter product cannot con- 
verge to zero. 1 
COROLLARY. Let x E Q. Then F’(x) does not exist. 
Proof. If F’(x) exists, then nz=‘=, (1 + tk) must converge, whence t, --+ 0, 
contradicting our hypothesis. 1 
PROPOSITION. Let A be the M-set for Walsh series defined in the theorem. 
Then A contains every dyadic rational and is therefore dense in [0, l[. 
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